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Collective optical excitations in dipole-coupled nanorings of sub-wavelength spaced quantum
emitters exhibit extreme sub-radiance and field confinement facilitating an efficient and low-loss
ring-to-ring energy transfer. We show that energy shifts, radiative lifetimes, and emission patterns of
excitons and biexcitons in such rings can be tailored via the orientation of the individual dipoles.
Tilting the polarization from perpendicular to tangential to the ring dramatically changes the lifetime
of the symmetric exciton state from superradiance to subradiance with the radiated field acquiring
orbital angular momentum. At a magic tilt angle all excitons are degenerate and the transport fidelity
between two rings exhibits a minimum. Further simulations suggest that, for certain parameters, the
decay decreases double-exponentially with the emitter’s density. Disorder in the rings’ structure can
even enhance radiative lifetimes. The transport efficiency strongly depends on polarization and size,
which we demonstrate by simulating a bio-inspired example of two rings with 9 and 16 dipoles as
found in biological light harvesting complexes (LHC). The field distribution in the most superradiant
state in a full LHC multi-ring structure shows tight sub-wavelength field confinement in the central
ring, while long-lived subradiant states store energy in the outer rings.
I. INTRODUCTION
When several optical dipoles are confined within a re-
gion smaller than a wavelength, their radiation properties
exhibit strong interactions. Besides the well-known effect
of Dicke superradiance [1], other collective eigenstates
featuring strong spatial field confinement and sub-radiant
properties appear [2, 3]. Remarkably, a great deal of
the extraordinary subradiant properties survive in more
extended configurations as long as the distance of neigh-
boring atoms stays below half a wavelength. As a striking
example, an infinite chain of dipoles, where each is sepa-
rated by less than half a wavelength from its neighbors,
constitutes a perfectly lossless waveguide for a single pho-
ton [4]. For any chain of finite length we still find at
least a cubic increase of single-excitation lifetimes with
the number of emitters [2, 5–7].
In this context regular polygons constitute a partic-
ularly interesting geometry, exhibiting an exponential
increase of excited state lifetimes with the number of
edges [2, 8]. While such configurations, which can be
viewed as a minimal instance of a ring resonator, are
not so easy to implement experimentally using individ-
ual atoms in optical traps, closely related ring-shaped
structures of dipoles appear naturally in biological light
harvesting complexes [9–14] or can be set up using quan-
tum dot micro-arrays [15]. Alternatively, one could study
such structures in tweezer arrays employing a transition
with a correspondingly larger wavelength [16–18] or mi-
crowave setups based on superconducting qubits [19].
Experimentally, clear signatures of subradiance in dense
atomic clouds were first observed in 2016 [3]. More re-
cently, collective back scattering from uniformly filled opti-
cal lattices [20–22] has been observed experimentally [23].
Aside from studying the surprising and exotic properties
of dark states in such coupled dipole arrays [8] it was
recently suggested that they could also serve as emitters
and antennas for single photon or exciton transfer with
low loss and high fidelity [2, 8].
In this work, we study generalized single- and multi-
ring structures in more detail. Starting from the effect of
changing the dipole orientation with respect to the ring’s
plane which allows for controlling their special proper-
ties, we also simulate the effect of small disorder in single
rings. Inspired by biological examples in light harvest-
ing complexes we investigate the coupling between rings
of substantially different size and calculate the special
properties of multi-ring configurations. Due to the com-
plexity of the full system, we put our emphasis on the field
distribution and the nonlinear effects arising from mul-
tiple excitations in such configurations. In this context,
the term exciton (biexciton) refers to a (two) delocalized
electronic excitation(s) within the structure.
First, we define our mathematical model and review the
central properties of excitons as a function of the ring’s
size and the number of dipoles. In Sec. III we demonstrate
how the properties of the energy shifts and lifetimes in
the single excitation manifold can be controlled via the
R
FIG. 1. Ring (regular polygon) of quantum emitters. The emit-
ters are separated by a sub-wavelength distance d on a ring of
radius R and feature prescribed dipole orientations µj , indi-
cated by yellow arrows. The angular separation between two
neighboring dipoles is denoted by θj . In our specific examples
we restrict ourselves to rotationally symmetric orientations.
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2dipoles’ orientations, where central properties transpire to
the spatial radiation pattern. New and surprising scaling
behaviors of the radiative lifetimes with the atom number
and their distances are discussed in the next section,
followed by an extension to multiple excitations in the ring.
Sec. V is dedicated to the effective coupling of quantum
states between rings of equal and different size. In the
final section we highlight remarkable properties of field
distributions in coupled multi-ring ensembles, inspired
by the biological structures of efficient photosynthesis
complexes.
II. MODEL
A. Dipole-Dipole Interactions
We consider an ensemble of N identical two-level atoms
with ground state |g〉 and excited state |e〉 at fixed po-
sitions ri for i = 1, ..., N in free space. The two states
are energetically separated by ω0 and feature an electric
transition with a dipole moment µi with identical modu-
lus, |µi| = µ, for all atoms. The corresponding lowering
operator acting on the i-th atom is denoted by σi. The
inherent coupling to the surrounding vacuum modes leads
to an effective dipole-dipole interaction between each pair
of atoms. These interactions can be viewed as an inter-
ference of the fields emerging from each individual atom.
The spontaneously emitted field from the atomic ensemble
is given by [2]
E+(r, t) =
3Γ0
4µ2
∑
j
G(r− rj , k0) · µjσj(t). (1)
Here, Γ0 = µ
2k30/3pi0 (note that we set ~ = 1) is the rate
of spontaneous emission from a single atom, its natural
linewidth, and k0 = ω0/c is the wavenumber associated
with the atomic transition frequency. The field propagator
G is the Green’s tensor of an oscillating unit dipole source
in free space, i.e.
G(r, k0) = e
ik0r
[(
1
k0r
+
i
(k0r)2
− 1
(k0r)3
)
1
− rr
T
r2
(
1
k0r
+
3i
(k0r)2
− 3
(k0r)3
)]
.
(2)
From this, the atomic dynamics can be split into coherent
and incoherent collective processes. On the one hand, the
coherent part of the dipole-dipole interaction Ωij between
atoms i and j is incorporated into the Hamiltonian as
Hdip =
∑
i,j:i6=j
Ωij σ
†
iσj . (3)
The incoherent part of the dipole-dipole interaction, on
the other hand, is accounted for by a Lindblad term
describing collective decay,
L [ρ] = 1
2
∑
ij
Γij
(
2σjρσ
†
i − σ†iσjρ− ρσ†iσj
)
. (4)
Here, Γij is the mutual decay rate of atoms i and j, and
Γii = Γ0. The collective rates are given by the real and
imaginary part of the of the overlap of the respective
dipole moments with the Green’s tensor,
Ωij = −3Γ0
4µ2
Re
{
µ∗i ·G(ri − rj , k0) · µj
}
, (5a)
Γij =
3Γ0
2µ2
Im
{
µ∗i ·G(ri − rj , k0) · µj
}
. (5b)
The system dynamics are then described by the master
equation,
ρ˙ = i [ρ,Hdip] + L [ρ] . (6)
If we restrict our investigations to the single excitation
manifold, the dynamics of the system are captured by an
effective non-Hermitian Hamiltonian,
Heff =
∑
i,j
(
Ωij − iΓij
2
)
σ†iσj . (7)
The complex eigenvalues λm of Heff incorporate the col-
lective frequency shifts and decay rates of the eigenstates
of the system, i.e.
Jm = Re {λm} , (8a)
Γm = −2Im {λm} . (8b)
B. Excitons in Rotationally Symmetric Ring
Configurations
In the following we consider N two-level atoms uni-
formly arranged on the edges of a regular polygon (a
ring) separated by a distance d, as depicted in Fig. 1. We
assume the dipole orientations to be arranged rotationally
invariant as well. The system then shows special proper-
ties due to its high symmetry. In this generic case it is
possible to analytically diagonalize the effective Hamilto-
nian (7) and find its eigenstates in the form of rotationally
invariant spin waves [8] as
|ψm〉 = 1√
N
∑
j
eimθj |ej〉 , (9)
where m ∈ {0,±1,±2, . . .± b(N − 1)/2c} is the angu-
lar momentum quantum number of the state, θj =
2pi(j−1)/N , and |ej〉 = σ†j |g〉⊗N . Clearly, each atom has
an equal amount of population and thus each eigenstate
consists of a fully delocalized excitation. The correspond-
ing eigenvalues are
λm = − 3Γ0
4µ2N
∑
j,l
eim(θl−θj)µ∗j ·G(rj − rl, ω0) ·µl. (10)
Note, that the spectrum is symmetric, so λm = λ−m. Fur-
thermore, the state withm = 0 is non-degenerate, whereas
3the highest momentum modes are doubly-degenerate if
the number of emitters N is odd.
The excitations can also be understood as delocalized
quasi-particles, excitons, with a momentum km given by
kmd =
2pim
N
. (11)
This interpretation allows for an intuitive explanation of
subradiance: excitons with a wavenumber larger than the
wave number of the surrounding vacuum k0 can no longer
couple to the free-space modes [2]. Thus, spontaneous
emission is widely inhibited.
III. RADIATION PROPERTIES AND EXCITON
ENERGY SHIFTS IN SINGLE RINGS
For small rings the single excitation states |ψm〉, are
delocalized and energetically shifted from the bare atomic
resonance by many linewidths with spontaneous decay
rates spanning orders of magnitude (see Fig. 2). In the
following we show that their exotic properties strongly
depend on the geometry and, in particular, on the orien-
tation of the dipoles.
In order to limit the complexity of the discussion we
focus on the case of rotationally invariant geometries,
corresponding to a CN symmetry for N atoms: typical
generic cases are i) all dipoles parallel and perpendicular
to the plane of the ring, ii) all oriented tangentially or
iii) all pointing in the radial direction. These three cases
exhibit a very different radiation behavior and scaling of
emission rates and energy flow with size. Extraordinary
phenomena appear at special intermediate angles as they
are realized in biological light harvesting systems. Due
to the presence or lack of mirror symmetries, even and
odd numbered polygons show a qualitatively different
spectrum with a unique maximally dark state appearing
for even particle numbers only.
A. Energy Shifts and Lifetimes as a Function of
the Dipole Orientation
Looking at the coupling strengths in (5) one can expect
energy shifts and lifetimes of excitons to be correlated.
In particular, the relative dipole orientations determine
whether the bright or the dark modes are higher in energy:
when all polarization vectors are parallel and oriented
transversely to the plane of the ring, we observe predomi-
nantly repulsive interactions at short distances and thus
the symmetric bright modes are strongly shifted upwards,
whereas for the tangential case, when dipoles point ap-
proximately towards each other, we obtain downward
shifts of the bright modes.
We depict this strong correlation at an atom distance
d = 0.1λ0 comparing different atom numbers in Fig. 2.
The lifetimes vary over several orders of magnitude, while
energy shifts span a bit more than one magnitude only,
10−6 10−1
Γm/Γ0
100
101
J
m
/Γ
0
(a)
N = 8
N = 9
N = 16
10−5 10−1
Γm/Γ0
100
101
J
m
/Γ
0
(b)
N = 8
N = 9
N = 16
FIG. 2. Polarization dependence of energy shifts. Energy shift
Jm of the m-th eigenstate vs. its decay rate Γm in the single-
excitation manifold at an inter-particle distance d = 0.1λ0 for
atom numbers N ∈ {8, 9, 16}. We see strong but opposite
correlations for (a) transverse and (b) tangential polarization
of the dipoles.
showing a strong correlation or anti-correlation, respec-
tively. Note the double degeneracy of the most dark state
for odd atom numbers (N = 9).
The above two limiting cases lead to the question how
these two qualitatively different energy-lifetime correla-
tions change, when we continuously rotate the polarization
from one configuration to the other. To study this we
calculate the collective decay rates as a function of the
dipole orientation for a ring with N = 8 emitters. We
start with a tangential orientation (φ = 0) and rotate our
dipoles upwards ending up at a transverse polarization
(φ = pi/2). In Fig. 3a we can see an increase of the decay
rate of the symmetric mode (m = 0), while the higher
order modes m = ±1 decay more slowly, and those with
m = ±2 become subradiant. Moreover, we find that the
modes with the highest angular momentum m = ±3, 4
are highly subradiant, regardless of the polarization angle
φ. In Fig. 3b we show the corresponding energy shifts.
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FIG. 3. Decay rates and energy shifts for different modes.
(a) Decay rates Γm and (b) Energy shifts Jm for modes m ∈
{0,±1,±2,±3, 4} in a ring with N = 8 as a function of the
dipole angle φ. The angles φ = 0 and φ = pi/2 correspond to
tangential and transverse atomic polarizations, respectively.
For tangential polarization two equivalent bright modes occur
for m = ±1, whereas for transverse polarization only one
bright mode for m = 0 exists. The mode m = 4 is the most
sub-radiant one in both cases (d/λ0 = 0.1).
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FIG. 4. Angular dependence of decay rates. Polarization angle
dependence of the decay rates Γm for (a) the symmetric mode
m = 0 and (b) the highest eigenmode m = 4 in a ring with
N = 8 for different distances d/λ0.
Changing from tangential to transverse polarization the
energy shifts change sign and their absolute values de-
crease significantly. Interestingly, we observe that at a
certain value of φ all mode energy shifts become approx-
imately equal to zero. This finding is analysed in more
detail in the next sub-section.
This particular behavior also depends on the ring’s size
as shown in Fig. 4, where we plot the collective decay
rates of the symmetric (m = 0) and subradiant (m = 4)
modes of a N = 8 atom ring, as a function of the dipole
orientation φ for different inter-particle distances. We
find that the symmetric mode, which has a maximal decay
rate for dense and transversally polarized atomic rings,
becomes maximally radiant for tangential polarization
instead if the interatomic distance becomes large enough.
Moreover, the mode with the largest angular momentum is
subradiant for both cases with d/λ0 < 1/2 and it becomes
darker as the polarization rotates towards pi/2.
In summary, we observe that for transverse polarization
the lowest momentum modes at small distances yield the
most pronounced superradiance, while the large momen-
tum modes exhibit strong subradiance independent of the
dipole orientation. Comparing tangential and transverse
polarization, we find that the latter shows much stronger
collective effects in the super- as well as the subradiant
regime.
This behavior has important consequences for the far-
field radiation patterns, which we show for tangential as
well as transverse polarization in Fig. 5. For tangential
polarization we can see that in the superradiant regime the
field is strongly transverse and in the subradiant regime
the far field is transversally evanescent.
B. ”Magic” Dipole Orientation
In the previous section we have found that the energy
shifts of all collective modes of a rotationally symmet-
ric ring nearly vanish at a particular dipole orientation.
Analytically, it can be proven that in the limit of a very
dense ring (d/λ → 0 and N → ∞) there exists a dipole
(a)
(b)
(c)
(d)
FIG. 5. Far-field radiation patterns. Intensity distribution of
the radiated far field at a distance of 200R from the center of
a ring of N = 10 atoms with d/λ0 = 0.1. (a), (b) Tangential
polarization, (c), (d) transverse polarization. The left-hand
side column, (a) and (c), corresponds to the most superradiant
states (m = 0 and m = ±1, respectively) while the right-hand
side column, (b) and (d), shows the most subradiant state,
i.e. m=5. Note, that the purpose here is to highlight the
distinct spatial character of the respective fields rather than a
quantitative comparison, which is why the field magnitudes
are shown on arbitrary (unequal) scales. The color is used for
better visibility.
orientation for which the energy shifts of all collective
modes are exactly zero. In this limit, the dipole-dipole
interaction Ωij between atoms i and j in (5) reduces to
its short-range contribution,
Ωij → −3Γ0
4µ2k30r
3
ij
[
(µ∗i · rˆij)
(
µj · rˆij
)− µ∗i · µj] . (12)
We proceed by parametrizing our dipoles in cylindrical
coordinates as
µi = µ cosφ (αeˆr,i + βeˆt,i) + µ sinφeˆz (13)
with the local basis (eˆr,i, eˆt,i, eˆz) and |α|2+|β|2 = 1. For a
ring with polarizations preserving rotational symmetry, α,
β and φ necessarily assume the same values for each dipole
in the ring. For a mode with an angular momentum m,
after summing up the energies over all pairs and exploiting
the symmetry, we obtain
Jm =
∑
j 6=`
eim(θ`−θj)Ω`j = N
N−1∑
j=1
e−imθjΩNj , (14)
with
ΩNj =
−3Γ0
[
cos2(φ)
(
3|β|2 − sin (θj/2)
)− 1]
32[k0r sin(θj/2)]3
. (15)
5Striving for a total energy shift of zero (Jm = 0) in the
the limit of large N , this reduces to
cosφ =
√
1
3|β|2 , (16)
which is independent of the value of m. For tangential po-
larization (β = 1) this corresponds to φ = cos−1(1/
√
3) ≈
0.953 ∼ 54.7◦. Note, that in this limit the magic dipole
orientation can exist for |β| >√1/3 only.
C. Radiation Properties of a Ring with Disorder
Let us now investigate the impact of imperfect geome-
tries by adding a small spatial disorder in the ring’s atomic
positions. For this we allow for three types of random
displacements: (i) moving the atoms along the ring, while
maintaining the ring shape, (ii) radially displacing the
emitters and (iii) moving the emitters out of the plane of
the ring. For each random configuration we find the most
subradiant state and let it evolve under the disordered
Hamiltonian. We then average over the evolved excited
state population for 100 realizations. The result (denoted
respectively by pθsubr, p
r
subr and p
z
subr for the three types
of disorder) is shown in Fig. 6 for a ring with an average
interatomic distance d/λ0 = 0.4. As reference, we also
plot the decay of the unperturbed state denoted by psubr.
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FIG. 6. Robustness of subradiance in the presence of disorder.
Excited state population decay averaged over 100 random
realizations of disorder of different type (angular, radial or
vertical shifts) as indicated in the legend for a ring with
N = 8 emitters and average distance d/λ0 = 0.4. For each
realization we choose the most subradiant state. (a) Random
displacements up to d/5 and (b) up to 0.4d. For random radial
displacements of up to 40% a significantly more subradiant
mode appears when compared to the perfectly regular case.
In perfect rings the sub-radiant state is extremely stable.
Upon introducing position disorder we observe that this
stability is initially reduced, so that for large disorder
the state decays several orders of magnitude faster at
the beginning, see Fig. 6a. However, after quite some
time it appears that the lifetime is even increased due
to disorder. One exception here is when the emitters
are moved out of the plane of the ring. Then, the decay
is always enhanced. For larger disorder, the effects we
find are even more pronounced, resulting in a remarkable
reduction of the decay rates when disordering the atoms
along the ring preserving its shape, see Fig. 6b. Note
that this enhancement of subradiance with disorder is
also present in chains [5].
IV. SCALING OF SUBRADIANCE WITH RING
SIZE AND ATOM NUMBER
In this section we will investigate the scaling behavior
of sub-radiance in more detail, as the basis of further
investigations below. We concentrate on the most sub-
radiant decay channel as a function of the atom number
N and inter-particle distance d/λ0. It was previously
shown that for d = λ0/3 the decay rate of the most
subradiant state in a ring scales down exponentially with
the number of atoms [2, 8]. Recent related investigations
of regular chains of emitters have shown, that for a single
excitation a strong polynomial reduction with up to N−6
of the most subradiant decay rate can occur at certain
distances [7]. For two excitations in a chain of atoms
coupled to a waveguide, it was found that there are states
which feature an even lower decay rate than the most
subradiant state of the single-excitation manifold [24].
A. Single Excitation Subradiance
First, we investigate the behavior of the most subradiant
state featuring a single excitation only. The decay rate is
computed as in (8b) for the largest possible m, namely
Γ
(1)
min = ΓbN/2c. (17)
In Fig. 7a, we show this decay rate as a function of both,
the number of atoms N and the inter-particle spacing
d/λ0. Clearly, the largest suppression of decay occurs
at small separations and a large number of atoms, i.e.
at maximal density. While the reduction of the decay
rate with decreasing d/λ0 exhibits polynomial scaling, we
find that for all considered distances the decay reduces
exponentially with N . Yet, we do not only observe an
exponential reduction with N , but also an increase in the
absolute value of its exponent with smaller separations.
This can also be seen in Fig. 7b, where we plot the scaling
with N for two different distances. We can therefore
propose that the most subradiant decay rate scales as
Γ
(1)
min ∝ exp (−ξN) , (18)
where the exponent ξ itself is a function of the distance
d/λ0.
The scaling of ξ with distance is depicted in Fig. 7c. On
a logarithmic scale ξ shows a linear scaling for d/λ0 . 0.3.
Therefore, the exponent itself scales exponentially at small
distances. This suggests that at distances below λ0/3, the
most subradiant decay rate of a single excitation is sup-
pressed in a double-exponential manner with increasing
atomic density.
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FIG. 7. Scaling of the minimal decay rate in the single-
excitation manifold. (a) The minimal decay rate in the single-
excitation manifold, Γ
(1)
min as a function ofN and d/λ0. Because
of the logarithmic scale for the decay rate, the linear behavior
with N hints at an exponential reduction. (b) This exponen-
tial scaling with N is even stronger for smaller distances. (c)
The exponent ξ is shown as a function of the distance. For
d/λ0 . 0.3 we observe a close to exponential scaling of ξ with
d/λ0. The polarizations were chosen to be orthogonal to the
plane of the ring (φ = pi/2). In all graphs we cut off our data
at Γ
(1)
min < 10
−15Γ0 in order to avoid numerical errors.
Overall, these results emphasize how extremely subra-
diant a nano-ring of dipole-coupled atoms can become.
The corresponding states for sufficiently large N and at
distances d λ0 are almost perfectly decoupled from the
environment and therefore extraordinarily long-lived.
B. Subradiance with Two Excitations
Most investigations so far have been based on the single
excitation regime, i.e. the weak excitation case, which
allows for an analytical assessment, while still being prac-
tically relevant and physically very interesting. For more
than one excitation the effective Hamiltonian, in general,
cannot be diagonalized analytically anymore. Since the
number of states in the k-excitation manifold
(
N
k
)
grows
rapidly, we restrict ourselves to k = 2 in order to limit
the numerical effort.
In Fig. 8a we show the behavior of the minimal decay
rate involving two excitations, Γ
(2)
min, as a function of the
number of atoms and the particle spacing. The overall
situation is less clear than for a single excitation, since,
depending on the distance d/λ0, distinctly different scal-
ings in N can be found. At small separations we observe
a polynomial scaling of the decay rate with N . This can
also be seen in Fig. 8b, where it becomes clear that at a
certain size of the system, a stronger polynomial suppres-
sion of the decay occurs. At larger distances the increase
in lifetime still grows in an exponential fashion, as shown
in Fig. 8c.
The fact that we find a polynomial scaling at close
distances for more than one excitation can be interpreted
as follows: a single excitation within a finite equidistant
chain, where the light scatters off the ends of the chain,
shows a minimal decay rate which reduces polynomially [2,
7]. In a ring, an excitation cannot propagate through an
already excited atom. An excitation within a ring thus
constitutes a defect for a second one. A ring containing
two excitations therefore features open boundaries as a
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FIG. 8. Scaling of the minimal decay rate in the two-excitation
manifold. (a) The minimal decay rate for states in the two-
excitation manifold is shown as a function of the distance d/λ0
and the atom number N . (b) The decay rate at the smallest
considered distance scales polynomially in N , which can be
seen from the linear behavior on the log-log scale. At N ∼ 30,
the polynomial suppression increases abruptly. (c) For larger
distances, we still find an exponential suppression of the decay
with growing system size N . At the distance featuring the
overall lowest decay rate from (a), no clear scaling law can be
identified for all N .
7chain does for a single excitation, which leads to a similar
polynomial suppression of decay rates.
Another feature, which is reminiscent of a chain, is
that at a certain inter-particle distance, d/λ0 ≈ 0.24,
we find a distinctly lower minimal decay rate. This is
similar to the findings of Ref. [7], where it has been shown
that for optimal distances, the polynomial decrease of
the decay with N becomes much more drastic than for
one excitation. No clear scaling law can be identified
for this distance: for relatively small N it appears to be
exponential, but for larger systems this is no longer the
case.
V. EXCITATION TRANSPORT BETWEEN
RINGS
Inspired by the so-called light harvesting complexes
(LHC) occurring in biological systems, where a structure
consisting of several coupled rings of different molecules
was observed [9–11, 13], we study the coupling strengths
and the energy transport between two coupled rings of
different size. Note that in the following considerations
the rings are arranged such that they are closest at exactly
one site of each ring and their centers lie on the same axis
(site-site configuration).
The coupling strength between the two rings prepared
in the modes with well defined angular momentum m1
and m2 is given by
λm1,m2 =
1
N
∑
i∈R1,
j∈R2
(
Ωij − iΓij
2
)
ei(m1θi−m2θj), (19)
where as a shorthand notation, we have defined two
sets of indices, one for the sites in the first ring (with
N1 emitters), R1 = {1, 2, ..., N1}, and one for the sites
in the second ring (with N2 emitters), R2 = {N1 +
1, ..., N1 +N2}. The dispersive and dissipative couplings
can then be found from Jm1,m2 = Re{λm1,m2} and
Γm1,m2 = −2Im{λm1,m2}, respectively. In addition, we
define the coupling efficiency between the two modes [8]
as
ηm1,m2 =
J2m1,m2
(4∆2m1,m2 + max{Γ2m1 ,Γ2m2})
, (20)
with ∆m1,m2 = Jm1 − Jm2 being the difference in energy
of the two ring modes.
In Fig. 9 we evaluate the dispersive and dissipative
couplings, as well as the coupling efficiency between two
rings with N1 = 16 and N2 = 9 emitters with transverse
polarization and separated by a distance x = 0.12λ0, as a
function of the angular momentum of the two ringsm1 and
m2. We find that the dispersive coupling is rather large
in the superradiant, but nearly vanishes in the subradiant
regime. Thus, the coupling efficiency yields non-negligible
values for m1 = −m2 only. However, they are still several
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FIG. 9. Coupling between eigenmodes of two unequal rings with
transverse polarization Two rings with N1 = 16 and N2 = 9
at d/λ0 = 0.1, separated by the distance x = 0.12λ0. (a)
Dispersive coupling Jm1,m2 , (b) dissipative coupling Γm1,m2 ,
(c) coupling efficiency ηm1,m2 and (d) maximal coupling effi-
ciency for m1 = m2 = bN/2c as a function of the ring-to-ring
distance x/λ0 (green, solid). For comparison, the result for
equally sized rings is shown as well (blue, dotted). All the
couplings as well as the efficiency are shown on logarithmic
scales.
magnitudes smaller compared to equally sized rings [8],
since for unequal rings ∆m1,−m1 is non-zero.
The maximum value of the efficiency ηmaxm1,m2 =
ηm1=bN/2c,m2=bN/2c as a function of the ring-to-ring sep-
aration x/λ0 is shown in Fig. 9d. It oscillates, but also
decreases exponentially for increasing distances. For com-
parison, the result of two equally sized rings, which can
reach much larger values, is shown as well.
A. Efficient Exciton Transfer between Two Rings
For equally sized rings, it has been shown that the
fidelity of transferring a wave-packet is extraordinarily
high and only slowly damps out with time [8]. Thus, an
excitation is transferred with almost no loss between the
rings over a long period of time. In a similar manner we
now want to evaluate the fidelity of the energy transfer
between two differently sized rings for a Gaussian wave-
packet centered at the site k farthest from the second
ring, i.e.
|Ψmi,k〉 =
1√
n
∑
j∈Ri
eiθjme−
|~rj−~rk|
2R2∆θ2 |ej〉 , (21)
where n accounts for the normalization, ∆θ denotes the
angular spread of the wave-packet of width R∆θ, and m is
the central momentum. For an infinitely wide wave-packet,
R∆θ →∞, the expression in (21) reduces to an eigenstate
of our system with the corresponding angular momentum
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FIG. 10. Fidelity of wave-packet transport between two unequal
rings. Two rings with N1 = 9, N2 = 16 atoms, d = 0.1λ0,
m1 = 3, and tangential polarization. (a) Maximal fidelity over
time as a function of the ring-to-ring separation x/λ0 and the
width of the wave-packet ∆θ. (b) Fidelity as a function of
time for a distance x = 0.12λ0.
m. For a guided mode in the first ring with momentum
m, we expect that when the mode travels to the second
ring, it will invert its momentum. So, for a finite width
wave-packet we can assume that it is transferred to the
second ring thereby inverting the momentum to −m, but
remaining otherwise unchanged. With this, we can put
down the fidelity F of creating this wave-packet in the
second ring as
F(t) = max
k
{
〈Ψ−m2,k |Ψ(t)〉
}
. (22)
Here, |Ψ(t)〉 is given by the time evolution in the truncated
Hilbert space and the initial condition |Ψ(0)〉 = |Ψm1,k〉,
and the maximization over the site k is required due
to the fact that we cannot predict the position of the
wave-packet created in the second ring at all times.
In Fig. 10a the maximal fidelity over time as a function
of the ring-to-ring separation x/λ0 and the width of the
wave-packet ∆θ is shown. For two rings with a different
number of emitters, e.g. N1 = 9 and N2 = 16, we find
the largest fidelities at x = 0.10λ0 to x = 0.15λ0 and at a
width of ∆θ > 2pi. The fidelity is much smaller than for
two equally sized rings as in Ref. [8]. The time evolution
of the exciton transfer is shown in Fig. 10b for two rings
separated by x = 0.12λ0 and d = 0.1λ0. The transport
shows a significant decrease on a short time scale followed
by an oscillation of the excitation between the rings for a
long period with large damping.
B. Exciton Transfer between two rings with
”Magic” Dipole Orientation
So far we have concentrated on the generic cases of
vertical or tangential dipole orientation. As we have
shown in Sec. III, there is a so called magic angle for the
dipole orientation in a ring, where all light shifts cancel
and all eigenmodes are degenerate. One might ask now,
whether this enhances or suppresses energy transport.
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FIG. 11. Excitation transfer between two rings. The maximal
excited-state population of the second ring over time is plotted
as a function of the dipole orientation φ and the width of the
wave-packet ∆θ. (a) Equal rings with N1 = N2 = 10, and
m1 = 5. (b) Unequal rings with N1 = 9, N2 = 16, and m1 = 3.
For unequal rings, the excitation transfer is maximal around
the magic orientation φ = cos−1(1/
√
3), for which all single
ring frequency shifts are almost zero. Contrastingly, for equal
rings the population displays a minimum around this point.
In Fig. 11a the maximal population in the second ring
over time is shown as a function of the dipole orientation
φ and the width of the wave-packet ∆θ. For two rings
with the same number of emitters, e.g. N1 = N2 = 10, we
find a substantial population transfer nearly independent
of the dipole orientation φ. Yet, we observe a significant
collapse of the transfer in the region around the magic
angle. Since the energy shifts in this area cancel for
all eigenmodes, the wave-packet in the first ring couples
to multiple different eigenmodes, including radiant ones.
This creates an effective loss channel thereby inhibiting
the excitation transport.
Comparing these results with the maximal population
over time for two differently sized rings, e.g. N1 = 10 and
N2 = 16, as shown in Fig. 11b, we observe the completely
opposite behavior: we can achieve a significant increase
of the population in the second ring in the region around
the magic angle only. If we now compare Fig. 10a and
Fig. 11b, we observe that for two differently sized rings the
population transfer is remarkably enhanced by choosing
the magic dipole orientation. Consequently, in Fig. 12a
the population over time is shown as a function of the
ring-to-ring separation x/λ0 and the width of the wave-
packet ∆θ. We use the same configuration as in Fig. 10,
but at the magic dipole orientation. We find the largest
population transfer from x = 0.15λ0 up to x = 0.18λ0
and at a width of ∆θ > pi.
In Fig. 12b we plot the time evolution of the population
transfer. We observe a strong damping after the first run.
Interestingly, even for a small width, when the initial state
is not an eigenstate of the system and the wave-packet
therefore is less localized in momentum space, we can
reach a relatively good population transfer.
In Fig. 13 we study the dispersive and the dissipative
coupling as well as the coupling efficiency between rings
of different size, i.e. N1 = 16 and N2 = 9. Both couplings
are rather large in the superradiant regions, as one would
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FIG. 12. Excitation transfer between two unequal rings. Two
rings with N1 = 9, N2 = 16, d/λ0 = 0.1, m1 = 3, and magic
dipole orientation. (a) The maximal excited state population
of the second ring over time as a function of the ring-to-ring
separation x/λ0 and the width of the wave-packet ∆θ. (b)
Excited-state population of the second ring as a function of
time, for a distance x = 0.17λ0.
expect. The coupling efficiency shows an almost diagonal
coupling pattern, where, compared to Fig. 9c, the sum
over all present momenta is a lot larger. This is congruent
with what we see in the population transfer.
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FIG. 13. Coupling between eigenmodes of two unequal rings
with magic polarization. Two rings with N1 = 16, N2 = 9,
and d/λ0 = 0.1, separated by the distance x = 0.12λ0 in
site-site configuration. (a) Dispersive coupling Jm1,m2 , (b)
dissipative coupling Γm1,m2 , (c) coupling efficiency ηm1,m2
and (d) maximal coupling efficiency for m1 = m2 = bN/2c as
a function of the ring-to-ring distance x/λ0 (green, solid). For
comparison, the result for rings of different size with an even
number of atoms is shown as well (blue, dotted). Note that
the respective intensities are on arbitrary scales, so the color
scales do not compare quantitatively.
As shown in Fig. 13d, the coupling efficiency is slightly
enhanced for the even/odd (N1 = 16, N2 = 9) configura-
tion in contrast to two even numbers of emitters in both
rings (N1 = 16, N2 = 8).
FIG. 14. Field intensity distribution of a bio-inspired multi-
ring configuration with tangential polarization. The central
ring has Nin = 16 sites and it is surrounded by eight outer
rings each with Nout = 9 emitters. The distance between the
atoms in each ring is d = 0.25λ0 and equal to the minimal
distance between each outer ring and the central one. The field
intensity over the plane at z = 2d is plotted for a superposition
state prepared with (a) outer and central rings in the most
superradiant state, (b) outer and central rings in the most
subradiant state, (c) outer rings in the most subradiant and
central ring in the most superradiant state, and (d) outer
rings in the most superradiant and central ring in the most
subradiant state.
C. Collective States of a Bio-Inspired Multiple
Ring Configuration
The active molecules in different LHCs are arranged in
a ring of nine elements. In some bacteria (e.g. bacterium
Rps. acidophila) eight of these rings are arranged around
a central ring of 16 dipoles containing the reaction center
(see Fig. 5 and Fig. 7 in Ref. [13]). Here, we will
ignore all the complex chemistry as well as phonons and
many noise sources, and simply look at a corresponding
arrangement of dipole-coupled rings. Interestingly, even
this over-simplified model yields some surprising insights
already.
In essence, the model reduces to an ensemble of 88
dipoles in a plane confined within an area much less than
λ20. This area is smaller than the transverse coherence
length of any incoming optical photon, which will thus
simultaneously couple to all dipoles and excite a bright
exciton depending on the light polarization. In Fig. 14 we
depict the intensity of the electric field generated by the
state resulting from the superposition of the excitation
10
FIG. 15. Field intensity distribution with magic dipole ori-
entation. The same as in Fig. 14 but for a dipole moment
orientation µ/µ = cosφeˆt + sinφeˆz, with φ = cos
−1(1/
√
3).
being in an eigenmode of the central ring and in an
eigenmode of each of the outer rings, when all dipoles are
oriented along the tangential direction. Specifically, we
choose the eigenmodes as the most superradiant or most
subradiant states of each of the rings. From Fig. 14a and
Fig. 14c, one can clearly see that, when the central ring is
in a superradiant state, the complex has a field maximum
in its center. This is where the reaction center would be
and thus, the excitation will ultimately be transported
there.
Similarly, in Fig. 15 we plot the corresponding results
for the magic dipole orientation. On the one hand, we
can see that the tilted angles cause significant outward
radiation in Fig. 15a. On the other hand, the field appears
to still be focused in the center in Fig. 15c.
VI. CONCLUSIONS
Nanorings of quantum emitters exhibit extraordinary
radiative properties featuring super- and subradiance as
well as strong field confinement. Not only are these phe-
nomena prominent in the single excitation manifold but
they appear for multiple excitations as well. We have
shown that the scaling exponent of the lifetime of the
most subradiant states strongly depends on the ring’s size,
yet, is only marginally altered upon introducing disorder.
Our simulations reveal that many of these properties
can be controlled and fine-tuned by adjusting the po-
larization direction of the individual dipoles. While for
transverse dipoles the subradiant states possess the lowest
energies and the symmetric superradiant state forms a
frequency up-shifted collective dipole, one finds an even
qualitatively opposite behavior for a tangential dipole
orientation. In the latter case, subradiant states possess
higher energy than radiating states and the most sym-
metric state emits a doughnut-shaped radiation field with
orbital angular momentum and zero field in the center.
Interestingly, for a dense enough ring, one can find a spe-
cial dipole orientation, where all single excitation states
are almost degenerate. Like individual exciton proper-
ties, also ring to ring transfer properties can be tailored
with polarization control. While the transfer efficiency
is smaller than for equally sized rings, energy transfer
between different ring sizes still benefits from subradiance
and it can be enhanced by employing the magic polariza-
tion. Finally, we have studied the field distributions in
complex coupled ring structures as they appear in biologi-
cal light harvesting systems. Here, dark and bright modes
strongly depend on polarization as well. We find that
the fields can be confined to the structure’s center even
stronger than in a single ring as the outer rings act as a
sort of isolation layer against environmental decoherence.
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